In this paper, we use a modified Gaussian filter to improve enlargement accuracy of the arbitrary scale LP enlargement method, which is based on the Laplacian pyramid representation (so called "LP method"). The parameters of the proposed algorithm are extracted through a theoretical analysis and an experimental estimation. Experimental results show that the proposed modified Gaussian filter is effective for the arbitrary scale LP enlargement method. key words: arbitrary scale enlargement, image enlargement, Laplacian pyramid, Gaussian filter
Introduction
Image enlargement is a prime technique in image processing. It is used in many important applications such as digital high-definition television, big screen display, copy and print machine, medical imaging, end-user equipment and so on.
The conventional image enlargement methods (e.g., the bilinear and cubic methods [1] ) are used widely in many applications. However, the conventional enlargement methods have a serious blurring problem, because there is no power in the high spatial frequency band of enlarged images. For solving the blurring problem in image enlargement, some high-resolution enlargement methods were proposed. They can predict or find the unknown high frequency components and then get clear high-resolution enlarged images. Most of the studies done in the high-resolution enlargement are from a group of low-resolution image frames to extract one high-resolution still image [2] - [5] . They often require a very heavy computational load and do not consider the case where only one low-resolution image is given. Thus, there are also other enlargement methods using only one low-resolution image, such as the DCT iteration method [6] , the orthogonal wavelet transform method [7] and the binary wavelet transform method [8] . Moreover, using one lowresolution image, the high-resolution enlargement methods [9] , [10] were also proposed, which are based on the Laplacian pyramid (LP) representation (so called "LP methods"). The LP methods predict the unknown high-frequency components using the relationship among the Laplacian pyramid representations at different resolutions. Since the predicted high-frequency components are added to the high spatial frequency band of the enlarged images, the LP methods can get very high accuracy enlargement results. The LP algorithm of [9] is limited to the integer LP stages' calculation, so that it is only capable of expanding an image up by a factor of two in size. Since the enlargement scales as 1.41 times, 2.5 times and so on are also necessary for many applications, the LP algorithm for arbitrary scale enlargement was proposed in [10] . In this paper, we use a modified Gaussian filter to replace the Gaussian filter in the LP algorithm of [10] , which can help it to improve the enlargement accuracy.
The following organization of this paper is adopted. Section 2 reviews the arbitrary scale LP enlargement method and then gives the proposed method. Section 3 gives a theoretical analysis of the algorithm parameters using a step signal. Section 4 estimates the algorithm parameters via the test images and shows the experimental results. Finally, we give the conclusion of this paper in Sect. 5.
Modified Gaussian Filter for the Arbitrary Scale LP Enlargement

Gaussian-and Laplacian-Pyramid Representations
The Gaussian-and the Laplacian-pyramid representations, which were described by Burt and Adelson in [11] , are one of the multi-resolution frameworks. We refer to the Gaussian pyramid stages as G 0 , G 1 , G 2 , . . ., G n , in which the stage G 0 shows the original input image. The upward low-resolution stage G n+1 is given by
where * is the convolution operator and W is the Gaussian filter with the standard deviation σ w . The equation of the one-dimensional W is given as 
The function UpSample(G) is accomplished by interpolating zeros between the pixels of the image G. Using the "Lena" image, the Gaussian-and Laplacian-pyramid representations are shown in Fig. 1 .
"Zoom In" Method Based on the Laplacian Pyramid Representation
From the Gaussian-and Laplacian-pyramid algorithm we know that the stage G −1 size is 2 times of the stage G 0 size.
Since the stage G 0 shows the original input image, the stage G −1 is the 2 times enlarged image of G 0 . In Eq. (4), when n = −1 we can get the "zoom in" image G −1 as
where Expand G 0 is the Gaussian interpolated version of G 0 . The stage L −1 is the predicted LP downward stage, of which frequency components are higher than the frequency components of the stage L 0 .
Proposed Arbitrary Scale LP Enlargement Method
We know that the relationship of image pyramid representations exists not only among the integer stages but also among the non-integer stages. In this paper, we denote the stage mark of the arbitrary scale enlarged pyramid stage as −r (r > 0). Therefore, the enlargement scale S is equal to 2 r . Then, we can get the arbitrary scale enlarged G −r image as
The prediction of the high frequency LP stage L −r is given asL
Bound
where W 2 is the Gaussian filter with the standard deviation σ w2 . The parameter T is a threshold, and the parameter α decides the enhancement level of the enlarged images. Both of them should be pre-determined. The operation of Eq. (11) is highpass processing, which is in order to leave only the predicted high frequencies of L −r . In Eq. (11) of [9] and [10] , to save theL −r high frequencies at the band of 1 2 π ∼ π the authors use a fixed Gaussian filter W 2 with σ w2 = σ w . For 2 times enlargement the high frequencies, which are predicted inL −r , are included in the band of 1 2 π ∼ π. However, for 3 times enlargement the high frequencies, which are predicted inL −r , are included in the band of 1 3 π ∼ π. Thus, if we use a modified Gaussian filter W 2 , which standard deviation is depened on the enlargement scale, to replace the fixed Gaussian filter in Eq. (11), the enlargement accuracy of the arbitrary scale algorithm in [10] should be improved. Since the filter passband and the standard deviation of a Gaussian filter have linear relationship, in this paper we use the standard deviation σ w2 = 2 r−1 σ w , which is depended on the enlargement scale, for the proposed modified Gaussian filter W 2 in Eq. (11) . When the enlargement scale is 2 times, the modified Gaussian filter W 2 has σ w2 = σ w , which is the same as the fixed Gaussian filter with σ w . When the enlargement scale is 3 times, the modified Gaussian filter W 2 has σ w2 = 
where σ w1 = σ w /2 is the same as the algorithm in [10] . The function int(·) takes the integer part.
Parameter Evaluation Using the Unit Step Signal
In this section, we use a step signal as an edge model to find the relationship between the original LP stage L 0 and the predicted high frequency LP stage L −r . A similar calculation was presented in [9] , but it only discussed the 2 times enlargement scale. In this paper we expand the analysis of [9] to arbitrary enlargement scales. We know that using −r to replace −1 in Eq. (7) we can get the arbitrary scale enlargement Eq. (8) . Thus, the theoretical analysis for arbitrary enlargement scales can be finished by replacing −1 with −r, too. In the following, using the analysis equations in [9] we rewrite the theoretical analysis for arbitrary enlargement scales by replacing −1 with −r.
If we regard G 0 as a step signal, the forms of its Laplacian pyramid representation are shown in Fig. 2 . From  Fig. 2 , we can see that the LP stages of a step signal have the similar shape. The most different part of them is that the slope of L n−1 is steeper than the slope of L n in the neighborhood of zero-crossing position. Therefore, for a step signal the purpose of the LP algorithm and the parameters is using the L 0 shape to make a new steeper shape, which approximate to the ideal L −r shape. The parameter α fits the L 0 slope to the L −r slope, and the threshold T makes the predicted L −r have the same maximum value as the ideal L −r .
Since the optical imaging function PSF (Point Spread Function) can be modeled by the Gaussian function with standard deviation σ p , the response of an optical imaging system to the unit step signal U(x) is the convolution of PSF and U(x). The convolution is equal to the integral calculus of PSF from −∞ to x, which is obtained as Fig. 2 Step signal.
PSF(x) * U(x)
We consider this response as the Gaussian pyramid stage G 0 of U(x). Then, we have
where σ 0 = σ p and U G 0 (x) is the Gaussian pyramid stage G 0 of U(x). From [9] we know that the standard deviation σ −1 of U G −1 (x) is equal to σ 0 /2, then we have σ −r of U G −r (x) is equal to σ 0 /2 r . Therefore, the Gaussian pyramid stage G −r of U(x) is given as
From the algorithm of the Gaussian pyramid representation, we know that U G 1 (x) is the lowpass filtered version of U G 0 (x) using the Gaussian filter W. Then, we have
Since the Laplacian pyramid stage U L 0 (x) is the difference of U G 0 (x) and U G 1 (x), and the stage U L −r (x) is the difference of U G −r (x) and U G 0 (x), we have
respectively.
When the LP algorithm is used for the unit step signal, the parameter α fits the U L 0 slope to the U L −r slope. Then, at the zero crossing position (x = 0), we have
where
To decide the parameter T , we need a clipping parameter c in this analysis. The parameter c makes the predicted U L −r have the same maximum value as the ideal U L −r . Then, we also have
where max 0 and max −r are the maximum value positions of U L 0 and U L −r , which are obtained from and
From Eqs. (16) and (17), we can obtain the parameters as
Then, the parameter T is given as
where Expand r l 0max is the maximum value of the image Expand r L 0 . From [9] we know that the typical value of σ p (σ 0 = σ p ) is 0.9. Then, the calculation results of the parameters to arbitrary enlargement scales can be obtained as Figs. 3 and 4 .
Parameter Estimation Using Experimental Method
We know that one real image consists of both edge components (step signals) and smooth components. Since the theoretical analysis considers only the image edge components, the experimental estimation of the algorithm parameters using real images is also necessary for the proposed method as well as the theoretical analysis. In this section, to do the experimental estimation, firstly we lowpass several different well-known test images (256 × 256) with Gaussian lowpass filters, and then subsample the lowpassed test images to get the small size images. The test images are shown in Fig. 5 . We enlarge the subsampled test images using the proposed method with different values of the parameters. Then, the optimum parameters can be obtained by minimizing the mean square errors (MSE) between the enlarged images and the original test images. One similar estimation was presented in [10] for the conventional arbitrary scale LP enlargement, too. Figure 6 shows the optimum values of the parameter T for each test image. From Fig. 6 we can see that the value of T is not depend on the enlargement scale. Since the optimum values of the parameter T distribute from 30 to 60, we use the average value of the optimum values as the experimental value of the parameter T . Then, we have T = 40.09 ≈ 40.
(20) Figure 7 shows the optimum values of the parameter α for each test image. The optimum value of α is depend on the enlargement scale. Using the least squares estimation method we have the approximate expression of the parameter α with the enlargement scale S as
From Figs. 7 and 3, we can see that the experimental parameters are close to the evaluated parameters when the enlargement scales are near 2 times. However, except the enlargement scales which are near 2 times, the experimental parameters are different from the evaluated parameters. In Table 1 , using the proposed method with the evaluated parameters and the experimental parameters, we compare to the conventional arbitrary scale LP enlargement method and the cubic enlargement method. The "Proposed.Eva" means the proposed method using the evaluated parameters, and the "Proposed.Exp" means the proposed method using the experimental parameters. The "Conventional LP" means the conventional arbitrary scale LP method using its experimental parameters which is presented in [10] . From Table 1 , we can see that when the enlargement scales are near 2 times the proposed method with the evaluated parameters can get good enlarged results. However, at the other enlargement scales the evaluated parameters obtained by the theoretical analysis of [9] can not make the proposed method work best for the real image enlargement. Then, we know that even the theoretical analysis of [9] is suitable to the 2 times enlargement scale, it is not so suitable to the arbitrary enlargement scales. Thus, the experimental estimation of the parameters is important for the proposed method. Using the experimental parameters, the enlargement accuracy of the proposed method is higher than those of both the cubic method and the conventional LP method when the enlargement scale is less than 6 times. Then, we can say that the proposed method using the experimental parameters is effective to improve the enlargement accuracy of the arbitrary scale LP enlargement processing.
Conclusion
A modified Gaussian filter is proposed for the arbitrary scale LP enlargement method. The passband of the proposed modified Gaussian filter is decided by the image enlargement scales. The experimental results show that the enlargement accuracy of the proposed method is higher than that of the conventional LP method.
